IRREDUCIBLE WAVELET REPRESENTATIONS AND ERGODIC 
AUTOMORPHISMS ON SOLENOIDS 



DORIN ERVIN DUTKAY, DAVID R. LARSON, AND SERGEI SILVESTROV 

Abstract. We focus on the irreducibility of wavelet representations. We present some connec- 
tions between the following notions: covariant wavelet representations, ergodic shifts on solenoids, 
fixed points of transfer (Ruelle) operators and solutions of refinement equations. We investigate 
the irreducibility of the wavelet representations, in particular the representation associated to the 
Cantor set, introduced in [DJ06a] . and we present several equivalent formulations of the problem. 
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1. Introduction 

The interplay between dynamical and systems and operator theory is now a well developed 
subject |Tom921 IFur991 IBJ9H ICon94j . In particular, the operator theoretic approach to wavelet 
theory has been extremely productive |DL981 IHLOOl IBJ991 IBEJOO] . We will work along the same 
lines: we are interested in the connections between irreducible covariant representations, ergodic 
shifts on solenoids and fixed points of transfer (or Ruelle) operators. 

1.1. Classical wavelet theory. In the theory of wavelets (see e.g., jDau92j ). orthonormal bases 
for L^(R) are constructed by applying dilation and translation operators, in a certain order, to a 
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given vector called the wavelet. Thus from the start of this construction, we have two unitary 
operators: 

Ufix) = ^f{£j, Tf{x) = f{x-1), {feL\R),xeR) 
which satisfy a covariance relation: 

Using Borel functional calculus, one can define a representation of L°°(T), where T is the unit 
circle: 

<f) = f{T) 

so in particular Tr{z"') = T"', and this representation will satisfy the covariance relation 

(1.1) U7r{f)U-' = 7r{f{z')), (/GL-(T)) 

The main technique of constructing wavelets is by multiresolutions: one starts with a quadrature- 
mirror-filter (QMF) mo G L°°{T), (T is the unit circle) that satisfies the QMF-condition 



I \moHf = 1, {ze T), 



the low-pass condition mo(l) = V^, and perhaps some regularity (Lipschitz, etc.) 
Then, a scaling function is constructed by an infinite product formula 



n=l ^ 

where we denote by / the Fourier transform of the function / 

f\x) = [ f{t)e-^'''^''dt, {x e M). 
Jr 

Definition 1.1. Wc call the function tp the scaling function associated to the QMF mo. The scaling 
function satisfies the scaling equation 

(1.2) Uip = Tr{mo)ip, 
and it generates a sequence of subspaces 14, n G Z: 

Vo = spaji{T''ip \keZ} = span{7r(/)(/j | / G L^{T)}, 
Vn = C/-"Fo, (n G Z). 

We call {Vn)nez the multiresolution associated to The multiresolution has the properties that 
Vn C V^+i (this follows from the scaling equation), 

(1.3) [JVn = L\R). 

If mo is carefully chosen, one gets an orthonormal scaling function <f, i.e., its translates are orthog- 
onal 
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Equivalently 

(1.4) (7r(/)<^,<^)= / fdfi, (/GL~(T)) 

Once the orthonormal scaling function and the multiresolution are constructed the wavelet is 
obtained by considering the detail space Wq := Vi Vq. Analyzing the multiplicity of the represen- 
tation vr on the spaces Vq and Vi, one can see that there is a function ^/^ such that {T^ip | /c G Z} is 
an orthonormal basis for Wq- Applying [/", one gets that 

{U"T^tlj\n,k e Z} 

is an orthonormal basis for thus tp is a wavelet. 

1.2. Wavelets on the Cantor set. Let C be the Middle Third Cantor set. A quick inspection 
shows that its characteristic function satisfies the following scaling equation: 



Xc[^) =Xcix)+xc{x-2), (xGM). 

This enables one to construct a multiresolution structure where xc is a scaling function, not in 
L^{R) where C has measure zero, but in of a Hausdorff measure (see |DJ06a| ). More precisely, 
let 

and let Sj^ be the Hausdorff measure associated to the Hausdorff dimension s = log^ 2 of the Cantor 
set, restricted to TZ. 

Recall (see |Fal03j ) that the Hausdorff measure for dimension s is defined as follows: for a subset 
E of M, define for S > 0: 

Sj'siE) := inf J diam(^i)" -.EcljAi, diam(Ai) <s\ . 



Then 



Sj'iE) :=limio|(i?) 

(5^0 



defines a metric outer measure. The Hausdorff measure is the restriction of Sj'^ to Caratheodory- 
measurable sets. 

The dilation and translation operators on Lp'{lZ,S)^) defined by 

t//(x) = i=/ (I) , r/(x) = /(x-i), 

are unitary and satisfy the covariance relation UTU^^ = T^. Moreover (p = xc is an orthogonal 
scaling function: it satisfies the scaling equation 

its integer translates are orthogonal, and it generates a multiresolution, in the same sense as the 
one described above for L^(M). 

At the FL-IA-CO-OK Workshop in February 2009 in Iowa City, after discussions with Judy 
Packer and Palle Jorgensen, the following question arose: is this representation irreducible, i.e., is 
the commutant of {U,T} trivial in B{L^{n,9)''))7 
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This is one of the questions that motivated the investigation in the present paper. Even though 
we do not give a definite answer to this question, we will present some positive evidence that the 
respresentation is not irreducible. 

1.3. Wavelet representations. Although specific examples of wavelet representations have been 
studied for some time by many authors, a useful generalization of this concept which can be used in a 
variety of situations was first introduced in [DJ07] to extend the multiresolution techniques to other 
discrete dynamical systems, and to construct orthonormal wavelet bases on other spaces beside 
L^(M). The idea was to keep some of the essential properties of the multiresolutions mentioned 
above, but now as axioms in some abstract Hilbert space. 

For more connections between wavelet representations, generalized multiresolutions and direct 
limits we refer to |BCM02l IBMM99[ IBFMPOQa. BFMP09bl lBLP+09[ IbLM+08] . 

Let X be a compact metric space. Let r : X — >• X be a Borel measurable function and assume 
that < #r-i(x) < cxD for all X £ X. Assume that /i is a Borel probability measure on X which is 
strongly invariant, i.e.. 



Then there exists a Hilbert space %, a unitary operator U onT-L, a representation vr of L°^{X) on 
% and an element ipofH such that 

(i) (Covariance) UTT{f)U-^ = ^(/ o r) for all f G L°°(X). 

(ii) (Scaling equation) U(p = TT{mo)(p 

(iii) (Orthogonality) {TT{f)ip , ip) = J f dfj, for all f € L°°{X). 

(iv) (Density) {[/-"7r(/)(^ | n G N, / G L~(X)} is dense in U. 
Moreover they are unique up to isomorphism. 

Definition 1.3. We say that {7i,U,7T,ip) in Theorem 11.21 is the wavelet representation associated 

to UlQ. 

The paper is structured as follows: in Section 2 we describe a concrete realization of the wavelet 
representation on the solenoid. This was mainly done in |DJ07j . but we present here a slightly 
different form. We show how the irreducibility of the wavelet representation is related to the 
ergodic properties of the shift on the solenoid, and to the fixed points of a transfer operator. 

In Theorem 12.41 we describe the multiresolution structure that comes with a wavelet representa- 
tion. 

In Section 3 we investigate two examples. The first one is the wavelet representation associated 
to an arbitrary map r, and the constant function mo = 1. Using the multiresolution structure we 
show in Theorem 13.11 that the shift on the solenoid is ergodic iff r is ergodic. 

The second example is the wavelet representation associated to the Cantor set, introduced in 
|DJ06b] . That is r{z) = on the unit circle and mo{z) = "^(1 + •2^)- We show in Proposition 13.71 
that there is an L^(T, /i) function which is a fixed point for the transfer operator Rmo- However, 



(1.5) 




Theorem 1.2. |DJ071 Corollary 3.6] Let niQ be a function in L°°(X, ^u) such that 



(1.6) 
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this function is not bounded, and it does not satisfy the conditions of Theorem 12. 5| so we cannot 
conclude that the representation is irreducible. In any case, this does provide some evidence that 
the representation might not be irreducible. 

2. Representations on the solenoid 

When the function mo is non-singular, i.e., G X \ mo(x) = 0}) = 0, the wavelet representa- 
tion can be realized more concretely on the solenoid. We describe this realization. The basic idea is 
to regard the multiresolution as a martingale; the idea appeared initially in |CR90j and [GunOOj . It 
was then developed in [DJ07] for a larger class of maps r and low-pass filters mo (see also | Gun 07j ) . 
Since we will need this representation in a slightly different form we include some of the details, 
and we refer to |DJ07| for a more rigurous account. 

Definition 2.1. Let 

(2.1) := |(xo,xi, . . . ) e I r{xn+i) = x„ for ah n > o| 

We call Xaa the solenoid associated to the map r. 

On Xao consider the tr-algebra generated by cylinder sets. Let r^o ■ X^o — )■ X^o 

(2.2) roo(xo,xi, . . . ) = (r(xo),xo,xi, . . . ) for all (xo,xi, . . . ) G X^o 

Then r^o is a measurable automorphism on X^o- 
Define : Xoo — ^ X, 

(2.3) 6'o(xo,xi, . . . ) = xo. 

The measure ^oo on X^o will be defined by constructing some path measures Px on the fibers 
■= {{xo,xi, ...) £ Xoo I xq = x}. 
Let 

c(x) := #r"^(r(x)), W{x) = |mo(x)|^/c(x), (x G X). 

Then 

(2.4) Yl W{y) = l, (xeX) 

r(y)=x 

W{y) can be thought of as the transition probability from x = r[y) to one of its pre- images y under 
the map r. 

For X G X, the path measure Px on Qx is defined on cylinder sets by 

(2.5) Px{{{Xn)n>Q ^ Vtx\ Xi = Zi, . . . , Xn = Zn}) = W {zi) . . . W{Zn) 

for any zi , . . . , z„ G X. 

This value can be interpreted as the probability of the random walk to go from x to z„ through 
the points xi, . . . , x„. 

Next, define the measure fioo on X^o by 

(2.6) fdfioo= / f{x,xi,...)dPx{x,xi,...)dfi{x) 

J Jx Jn^ 

for bounded measurable functions on Xoo- 

Consider now the Hilbert space V. := L^{Xoo, fJ-oo)- Define the operator 

(2.7) Uf = mooeofor^, {f € L^iX^, fx^o)) 



6 



DORIN ERVIN DUTKAY, DAVID R. LARSON, AND SERGEI SILVESTROV 



Define the representation of L°°{X) on H 
(2.8) Trif)g = fo9og, (f € L^{X), g € n) 

Let (/9 = 1 be the constant function 1. 

Theorem 2.2. Suppose tuq is non-singular, i.e., /u({x G X|mo(x) = 0}) = 0. Then the data 
(71,11, TT,{p) from Definition \2. 1\ form the wavelet representation associated to tuq. 

Proof. We check that U is unitary, all the other relations follow from some easy computations. To 
check that U is an isometry it is enough to apply it on functions / on X^o which depend only on 
the first n + 1 coordinates / = /(xq, • • • , Xn)- Then f or^o depends only on xq, . . . , Xn-i- We have, 
using ()2.5p and the strong invariance of ^u: 



'moixo)\'^ ^ W{xi)...W{xn-i)fir{xo),xo,xi,...,Xn-i)d^i{xo) 

r{xi)=xo,...,r{xn-i)=x„-2 

= I iT^rrT E E Wix^)...Wix,, 

Jx #r ^{x) ^ ,,,,,, 



r{y)=x r{xi)=y,r{x2)=xi,...,r{x„~i)=x„-2 

■f{r{y),y, xi,..., x„_i) dn{x) = 
/ Yl W{yi)...Wiyn)fix ,yi, ■ ■ ■ ,yn) dfj,{x) — J f dfioo- 

This shows that U is an isometry. 

The fact that mo is non-singular insures that U is onto and has inverse 

Uf= j -for^' 

mo o C^o o Too 



□ 



The commutant of the wavelet representations, i.e., the set of operators that commute with both 
the "dilation" operator U and the "translation" operators 7r(/),has a simple description that we will 
present below. Also the operators in the commutant are in one-to-one correspondence with bounded 
fixed points of the transfer operator. The commutant of the classical wavelet representation on 
L^(M) was computed in |DL98j . We will be interested in computing this commutant for other 
choices of filters, such as mo = 1 or for the wavelet representation associated to the Cantor set. 

Theorem 2.3. |DJ071 Theorem 7.2] Suppose mo is non-singular and let {l-L,U,'K,(p) he the wavelet 
representation as in Theorem \2.S[ 

(i) The commutant {[/, tt}' in BiJ-L) consists of operators of multiplication by functions f G 
L°°{Xoo, iJ-oo) which are invariant under r^o, i-e., f o r^o = f ■ We call these functions 
cocycles. 

(ii) There is a one-to-one correspondence between cocycles and bounded fixed points for the 
transfer operator Rmo defined for functions on X : 

(2.9) RmJ{x) = „ \, . l"^o(y)l'/(y), (xGX) 

r(y}=x 
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The correspondence is defined as follows: 

For a bounded cocycle f on X^q the function 



(2.10) h{x)=l f{x,xi,...)dP^{x,xi,X2,...) 

is a hounded fixed point for Rmo> ^-C-, Rmoh = h. 

For a bounded measurable fixed point h for the transfer operator Rmo, the limit exists 
fioo-a.e. 

(2.11) /(xo,xi, ...):= lim /i(x„), {{xq, xi, . . .) £ X^o) 

n— ^-oo 

and defines a bounded cocyle. 

Next, we describe the multiresolution structure associated to a wavelet representation. The proof 
is standard in wavelet theory, but we include the main ideas for the benefit of the reader. 

Theorem 2.4. Let 

Vo:=smMf)^\f eL^{X)}, 
Vn := U-'^Vo, (n G Z). 

Then 

(i) UVq C V q. 

(ii) UnezK=^. 

(iii) Vq is an invariant subspace for the representation vr. The spectral measure of the represen- 
tation TT restricted to Vq is and the multiplicity function is constant 1. 

(iv) Vi is an invariant subspace for the representation vr. The spectral measure of the represen- 
tation IT restricted to Vi is n and the multiplicity function is myj(x) = ^r~^{x), x £ X. 

(v) Let Wq := Vi Q Vq. Then Wq is invariant for vr. The multiplicity function of it on Wq is 
^Woix) = #r-^{x) - 1. 

(vi) 



(vii) Let N := sup^-gj^ #r~^{x) G N U {oo}. There exists functions ipi, . . . , tj^N (if N is oo then 
the functions are just indexed by natural numbers, we don't have a ipcxj) 'in Wq with the 
following properties: 

(2.12) 



(?7"^(/)'0i , U"'ir{g)i;j) = b^nkj J fgX{#r-\x)>i+i} dfi, {f,ge L'=^{X),m,n e Z,i,j G {1, . . .,N}) 
(2.13) span{[/"7r(/)?/;i|/GL°°(X),nGZ,iG{l,...,iV}}=?^e f] Vn 



Proof, (i) follows from the scaling equation, (ii) follows from the desity property of the wavelet 
representation, (iii) follows from the orthogonality. The fact that Vi is invariant for vr follows from 
the covariance relation. The multiplicity function for Vi was computed in |DJ07l Theorem 4.1]. (v) 
follows from (iv). (vi) follows from the fact that U is unitary so U~'^Wo = Vn+i Q Vn for all n G Z. 
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For (vii) consider the space 
L\X,fi,mwo) := |/ : X ^ U^gxC^^''^") I f{x) G C^^o^ for all x G X, Jjf{x)f df,{x) < oo 

On this space we have the representation of L°°{X) by multiplication Mj. By (v) there is an 
isomorphism J : Wq — ^ L^(X, mvi/o) such that J7r(/) = MfJ for all / G L°°{X). 
Let Cj be the canonical vectors in C". Define the functions rji G L'^{X, fi,mwo)- 

Ci, if mwoix) = #r~^{x) - 1 >i 
0, otherwise. 



rii{x) 



Let tpi := J ^r^i. 

It is then easy to see that if i / j then {r]i{x) , rjj{x)) = for all x, so {T^{f)ipi , ir{g)ipj) = for 
all f,gGL^iX),i^j. Also 



{fvi , gvi) = / fgdfi. 

J{#r-^x)-l>i} 

This, together with (vi) implies ()2.12p . 

Equation ()2.13p is also a consequence of (vi) if we show that TT(f)ipi span Wq. But it is clear 
that MfTji span L\X , /i,mvKo) so, applying J we get the result. □ 

Finally, we present several equivalent formulations of the problem of the irreducibility of a wavelet 
representation. 

Theorem 2.5. Suppose tuq is non-singular. The following affirmations are equivalent: 

(i) The wavelet representation is irreducible, i.e., the commutant {[/, vr}' is trivial. 

(ii) The automorphism r^o on {Xoo,fJ-oo) is ergodic. 

(iii) The only bounded measurable fixed points for the transfer operator Rmo Oife the constants. 

(iv) There does not exist a non-constant fixed point h G LP{X,ij,) with p > 1 of the transfer 
operator Rmo with the property that 

(2.14) sup/ Im'-Q \x)\'^\h{x)\P dfi{x) < oo 

neN Jx 

where 

(2.15) mQ"^(x) = mo(x)mo(r(x)) . . . mo(r"~^(x)), (x G X). 

(v) If ip' £ Ti, satisfies the same scaling equation as ip, i.e., V^p' = ■K{mQ)(p' , then 93' is a 
constant multiple of ip. 

Proof. The equivalences of (i)-(iii) follow immediately from Theorem 12.31 It is also clear that (iv) 
implies (iii), because bounded functions satisfy ()2.14p with any p > 1. Indeed, using the strong 
invar iance of /i: 

,(")|2|J,|P^,, ^ WUW f |^W|2 



m\;"\'\h\Pdfi<\\h\\^ / \m\;"\Ufi=\\h\\^ / R^^^ldfi 



X 



We prove that (ii) implies (iv) by contradiction. Suppose there is a non-constant h with the 
given properties. Define the functions on 

/i„(xo,xi, . . . ) = /i(x„), (xo,xi, . . . ) G Xoo- 
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Then {hn)n is a martingale with respect to the filtration 9~^[B), where B is the Borel o"-algebra 
in X and On '■ — )• X, 9n{xo,xi, ■ ■ ■) = Xn- We denote by E„ the conditional expectation onto 
0~^{B). We have, since hn+i depends only on xq, . . . ,Xn+i- 

^n{hn+l){xo,---,Xn,---) = ^ _w T ^ |mo(x„+i)p/ln+l(xO, • . . , X^+l, • • • ) = 

r{Xn+l)=Xn 

„ _w T XI \mo{Xn+l)\'^h{Xn+l) = h{Xn) = hn{xo,Xi,...). 

W'^ \Xn) , s 

We want to apply Doob's discrete martingale convergence theorem. We have to check that 

(2.16) sup / |/in|^f^A*oo < oo. 

But, using the strong invariance of /x applied n times: 

y" Ihnl" d^loo = J Yl W{Xl)...WiXnmXn)\''d^l{xo) = 

^ r(x{)=xo,—r{x„)=Xn-\ 

Jx Jx 

Doob's theorem implies then that 

f{xo,xi, ...) = \im.hn{xo,xi, ...) 

n 

exists //oo-a.e., and in L^{Xoo, iJ-oo)- Then 

Eo(/) = limEo(/in) = h 

n 

SO / is not a constant. But we also have 

f °roo{xo,xi,...) = f{r{xo),xo,xi,...) = lim/i(a;„_i) = f{xo,xi, . . .) 

n 

/Ltoo-a.e. This contradicts the fact that r^o is ergodic. 

(a) =^ (v). Take a ip' as in (v). Then, the scaling equation implies 

mo o Ogip' o Too = Uip' = 7r(mo)(^' = mo o ip' . 

Since mo is non-singular, this implies that ip' o = if' . But since Too is ergodic it follows that ip' 
is a constant, i.e., ip' is a constant multiple of (p. 

(v) ^ (a). If Too is not ergodic, then one can take p' to be the characteristic function of a 
proper Too-invariant set. It follows immediately that satisfies the scaling equation, and thus its 
existence contradicts (v). □ 
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3. Examples 

In this section we will consider two examples. The first example is the wavelet representation 
associated to mo = 1- The map r can be any map satisfying the conditions above. We show that 
the wavelet representation associated to niQ = 1 is irreducible if and only if r is ergodic. 

The second example is the wavelet representation associated to the Cantor set, representation 
that was defined in [D J06a| . The representation is associated to the map r{z) = z^, for z G C, 
\z\ = 1, and the QMF filter mo{z) := (1 + z^)l\f2. While we were not able to determine if this 
representation is irreducible or not, we present several equivalent formulations of the problem, in 
terms of the existence of solutions for refinement equations or the existence of fixed points for 
transfer operators. We find a non-trivial fixed point for the associated tranfer operator which 
is in L^(T), but it is not bounded (so it does not settle the problem, but gives some positive 
evidence that the representation might be reducible). At the same time we show that it is hard 
to give a constructive solution for the irreducibility problem: in Proposition 13.41 we prove that 
the refinement equation has no non-trivial compactly supported solutions. In Corollary 13.61 we 
show that the transfer operator has no non-trivial solutions with Fourier transform in In 
Proposition 13.101 we show that the method of successive approximations will not produce a new 
solution to the refinement equation, if the seed is compactly supported. 

3.1. The wavelet representation associated to mo = 1. 

Theorem 3.1. Let niQ = 1 and let ("H, f7, vr, be the associated wavelet representation. The 
following affirmations are equivalent: 

(i) The automorphism r^o on {Xao^lJ-oo) is ergodic. 

(ii) The wavelet representation is irreducible. 

(iii) The only bounded functions which are fixed points for the transfer operator Ri, i.e., 

r{y)=x 

are the constant functions. 

(iv) The only L'^{X, n) -functions which are fixed points for the transfer operator Ri, are the 
constants. 

(v) The endomorphism r on {X, fi) is ergodic. 

Proof. The equivalence of (i)-(iv) is given in Theorem 12.51 We will prove that (i) and (iv) are 
equivalent. 

(i) =^ (v). Suppose r is not ergodic. Let / be a bounded, non-constant /u-a.e., function on X 
such that / = for. Define / := f o 0q. Then it is easy to see that / = / o r^o. But since r^o 
is ergodic this implies that / is constant ^oo-a-e. But since f = f o Oq depends only on the first 
coordinate, this implies that / is constant fi-a.e. 

(v) =^ (i). Let / be a bounded function on Xoo such that f = f or^o- We use Theorem 12.41 Pick 
g G L°°(X), and i G {1, . . . ,N} arbitrary. Assuming that ■7T{g)Tpi / 0, let A := \\iT{g)ipi\\. (The case 
^ = can be treated easily) Then we see that for all n G Z we have 

(/, ^"^vr(g)^,^ = (u-^f, ivr(9)V'.) = (/or'", ^vr(g)V^,^ = ^vr(5)^.^ 
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Thus these numbers do not depend on n. Moreover, we know that as n varies, the vectors 

A' 



[/"47r(g()^j are orthogonal. Using Bessel's inequahty, we have 



CO 



<ll.flP<oo. 



This imphes that ah these numbers (/ , \T^{g)ipi) have to be 0. 

Thus / is orthogonal to all U'^'K{g)tpi, and, by Theorem I2.4r vii). this shows that / G n„Vn. In 
particular / E Vq so there exists a function / € L^{X,n) such that f = f o Oq. But since / is 
invariant under r^o, f is invariant under r so it has to be constant ;U-a.e., so / is constant /^oo-a-e. 
Therefore /^oo is ergodic. □ 

3.2. The wavelet representation associated to the Cantor set. Recall ( |DJ06aj ) that the 
wavelet representation associated to the Cantor set is associated to r{z) = on the unit circle T, 
and the function 

(3.1) mo(z) = -^(l + z2), (zeT) 

As we mentioned in the introduction, in section [TT^ it can be realized on the Hilbert space Lp'iJZ, S)^) 
associated to the Hausdorff measure i^* on the subset TZ. 

Theorem 3.2. The following assertions are equivalent: 

(i) The wavelet representation associated to ttiq is irreducible. 

(ii) If a sequence {ak)k& £ l'^{1) satisfies the properties that J2k(£z'^kZ^ G L°°0^,lJ-) CL^d 

1 1 

(3.2) Ofc = 2«3fc-2 + as/c + 2^3fc+2, {k € Z) 

then Ofc = for all k ^ 0. 

(iii) If a function ^ G L'^{Tl,S)^) satisfies the refinement equation 

^{x) = ^{3x) +^{3x -2), forS)'-a.e. x E 7^, 
then is a constant multiple of the characteristic function of the Cantor set C. 

Proof. To prove (i)44>(ii) we use the equivalence of (i) and (ii) in Theorem 12.51 and the following 
Lemma. 

Lemma 3.3. Let f G L^(T,/i), / = "^Zk&fkZ^- Then f is a fixed point for the transfer operator 
Rmo iff 

(3.3) /n = ^/3n-2 + /Sn + ^/3n+2, (n G Z) 

Proof. We have 

(3.4) = 1+1,2+1^^2 

Using the strong invariance of fj,, we compute the Fourier coefficients of Rmof for a function 
/gL2(T,^): 

{Rmof)k = {Rmof ^^'')= ^rnj " ^""^ = ^ ^ E ko(^)|'/(^) " d^i{z) 
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Thus 

(3.5) (-Rmo/)fc = ^/3/c-2 + /Sfc + ^/3fc+2, {k £ Z) 



This imphes (j3.3p □ 
To see that (i) and (hi) are equivalent, use (v) in Theorem 12.51 

□ 

Next, we will analyze conditions (ii) and (hi) in Theorem 13.21 and rule out some solutions. More 
precisely, in Propositon 13.41 we prove that there are no compactly supported solutions for the 
refinement equation in (iii); in Corollary 13.61 we show that there are no /^-solutions for the fixed 
point problem in (ii). However, in Proposition 13.71 we do find an /^-solution. In Proposition 13.10) 
we show that the method of successive approximations produces highly divergent sequences for the 
refinement equation in (iii). 

Proposition 3.4. The only Borel measurable solutions for the refinement equation 

ip{x) = {p{3x) + ip{3x — 2), {x £ TZ) 

with bounded support, are constant multiples of the characteristic function of the Cantor set C, up 
to S)'^ -measure zero. 

Proof. Let a := sup{x G TZ \ ip{x) 7^ 0}. We cannot have a > 1, because then there exists a sequence 
Xn < a that converges to a and such that ip{xn) 7^ 0. But then either (/9(3x„) or (^(3xrt — 2) is 
non-zero, and both 2>Xn and 3a;„ — 2 are bigger than a for n large. Thus a < 1. A similar argument 
shows that is a lower bound for the support of if. Thus ip has to be supported on [0, 1]. Let K 
be its support, i.e., K is the closure in M of {x G 7?. | (p{x) 7^ 0}. We claim that 

If a; G [0, 1] and '^{x) 7^ then either ip{'ix) or ip{2>x — 2) is non-zero, therefore either x £ K/3 or 
X G {K + 2)/3. This proves one inclusion. 
From the scaling equation, we have that 

(p{x/3) = (f{x) + (p{x - 2) 

But if X G [0, 1], then x — 2 is not, so ip{x/3) = (p{x) for x G [0, 1]. Similarly if{{x + 2)/3) = f{x) 
for x G [0, 1]. 

If X G K/3 then V3(3x) 7^ and 3x G [0, 1], so ip{x) = Lp{3x) ^ 0, so x £ K. Hence K/3 C K. 
Similarly (K -|- 2)/3 C K. This proves (j3.6p . Since the Cantor set C is the only compact solution 
for dM]) (see e.g. IHutSlQ . it follows that f is supported on the Cantor set. 

The map r(x) = 3xmod 1 on the Cantor set with the Hausdorff measure Sj^, is ergodic, since it is 
conjugate to the shift on the symbolic space {0, 1}^, a{di,d2, ■ ■ ■ ) = {d2,ds, . . . ) with the product 
measure, where and 1 get equal probabilities 1/2. The conjugating map is '${di,d2, ■ ■ ■) = 

E„>l2rfn/3". 

Moreover ip is invariant under the shift since ip{x/3) = ip{{x + 2)/3) = ip{x) for x G C. Then, (p 
must be constant on C, and the proposition is proved. 
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□ 



To study solutions for the fixed-point problem in Theorem I2.5l fiii) or its particular form in 
Theorem l3.2l fiil. we need some background on the transfer operator. The next theorem is contained 
in [DJ06aj . Theorem 5.1, Proposition 7.1, and Theorem 7.4. 

Theorem 3.5. [DJ06aj Let mo(z) = ^^|- and let Rmg be the corresponding transfer operator. 

(i) If h £ C (T) and Rma h = h then h is constant. 

(ii) There are no functions f G C(T) and A G C with |A| = 1, A 7^ 1 and Rmof = A/. 

(iii) There is a unique Borel probability measure on T such that 



Moreover v has full support, in other words, every non-empty open subset ofT has positive 
measure. 



(iv) For all f e C(T), lim„^oo -^mo/ = i^{f), uniformly on T. 

Corollary 3.6. There is no non-trivial solution for equation (j3.2p in 1^{'L). By trivial, we mean a 
sequence {akjk&z with afe = for all k ^ 0. 

Proof. Suppose {ak)k& is a solution for (j3.2p in l^ . Then J2kei.^kz'^ is uniformly convergent to a 
continuous function h, and Rmoh = h- Then, by Theorem 13.51 it follows that /i is a constant, so 
the sequence {ak)kez is the trivial solution. 



In the next proposition we present a solution in /^(Z) for equation (j3.2p . However, its Fourier 
transform, while in L'^(T,/x), is not bounded, and therefore it does not offer a solution to our 
problem. It just gives some evidence that this wavelet representation might not be irreducible. 

Proposition 3.7. Define the sequence (an)nez as follows: 




□ 



2k ) 



if n is an even number between 3'^ + 1 and S'^^^ — 1, k > 
if n is an even number between — (3*^"'"^ — 1) and —{3^ + 1); k >0 

otherwise. 



(3.7) 



a, 



•n 



:= < 




Then the function 



(3.8) 




satisfies the following properties: 



(i) h G L2(T,/i) but h L°^(T,^). 

(ii) Rmoh = h. 
(iii) 
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Proof. First we claim that {an)n<^z is in /^(Z). Indeed, there are 3^ even numbers between 3^^ + 1 
and 3''+^ - 1. Then 

neZ fc>0 ^ ^ fc=0 ^ ^ 

Thus h G L2(T,^). 

Next, we check that Rmoh = h. Using Lemma [3.3l we have to check that {an)n& satisfies equation 
()3.3p . If n is odd, then 3n, 3n — 2, 3n + 2 are all odd, so the equation holds. If n is even we have 
three cases. If n = then a_2 = —1, 0-2 = and the equation holds. Assume now n is even and 
n > 0. If n is between 3^ + 1 and 3'^'*'^ — 1. Then 3n — 2 is bigger than 3'^"'"^ + 1 and 3n + 2 is less 
than 3*^"'"^ — 1. And of course 3n, 3n + 2, 3n — 2 are all even. Since we have 

1 1 



«n — «3n-2 — OSn — «3n+2 — ^fc+T 

we see that the equation ()3.3p holds. 

The case n < can be treated similarly. 

To prove (iii), we estimate the integral in ()3.8p . This is the square of the L^-norm of the function 
j(n) ._ f^'^^Ji^ which can be computed as the sum of the squares of its Fourier coefficients, which 
we denote by (a^"^)fcez- 

We have 4°^ = for ah k. Also, = mo(z3")/(") so 

(3-9) a, - . 

We prove by induction, that for all n > 0, and all k > 3", k even, the sequence {a^^^)k is decresing 
and non-negative. For n = 0, this is clear. Assume this holds for n and prove it for n + 1. We have 
for k even, and k > 3""*"^, — 2 • 3" > 3" and is even. Then 

(n) (n) (ra) (n) 

(n+1) _ "'fc+2 "'fc+2-2-3" ^ + "fc-2-3" _ (n+1) 



k+2 - ^ - V2 ^ 

Next, we claim that for k > 3", even, 



and from the formula (j3.9p it is clear that o[."^ > 0. 



(3.10) 4") > VTak. 

Indeed, since k — 2 ■ 3""^ > 3""^, and a^"^^^^ is decreasing: 

^(n) _ Qfc + "fc-2.3"'i ^ f^fe _ ,/7^An-l) 

Then, by induction a^"""* > ^/2^a^^^ = -v/2"ofc for /c > 3"^ even. 
Now, using (j3.10p . we have 

\\f(r^^^ = J2\aP\'>J2\a^:^f>2-Y.\-^\'-- 
feez fc>3" fc>3" 
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m>ra 3»"<fc<3'"+i m>n 

This proves (iii). 

(iii) also implies that h cannot be bounded, otherwise, using the strong invariance of /i: 

Jt Jt 

□ 

Remark 3.8. We know that the operators U and T satisfy the commutation relation UTU^^ = T^. 
this implies that a formal series X^^g^ T"^ commutes with both U and T. The problem with this 
series is that it is pointwise divergent at many points. For example, if / has bounded support then 
the functions / will be disjointly supported for k big enough, but will have the same Lp'{TZ,S)^)- 
norm, since T is unitary. However, it is possible that the geometry of the space L^iJZ^S)^) allows 
this formal series to be convergent on a large subspace, in which case an application of the spectral 
theorem for unbounded operators might prove that the representation is in fact not irreducible. 

This remark and the existence of fixed points for the transfer operator in Proposition 13.71 give 
us some positive evidence that the wavelet representation associated to the Cantor set is not 
irreducible. On the other hand Proposition 13.41 Corollary 13.61 and the next Proposition 13.101 show 
that a constuctive solution will be hard to come by. 

One way to try to obtain solutions for the refinement equation is to iterate the cascade operator. 

Definition 3.9. The operator M := C/^^7r(mo) on T-L is called the cascade operator. 

We prove that convergence of the iterates of the cascade cannot be obtained if one starts with a 
function with bounded support. 

Proposition 3.10. Let G Lp'{JZ,S)^) with hounded support. Suppose ^ is not a constant multiple 
of xc ■ Then there is a positive constant > such that 

lim ||M"+^e- = C£. 

n— s>oo 

In particular, the sequence (M"^)„gN is not convergent. 

Proof. First, we need to introduce the correlation function for ^1,^2 £ This is defined by 
considering the representation on the solenoid. 

(3.11) P(6,6)(a;) := / C{x,xi,...)^2{x,xi,...)dP^{x,xi,...), (x E T). 

Note that the correlation function is in L^{T, //) and has the following property (and it is completely 
determined by it): 

(3.12) (vr(/)6, 6) = / Mei,6)d/i, (/ e L~(X,/x)) 

JT 

Moreover, we claim that 



(3.13) 



p(M^l,MC2) = RmoP{Cu^2) 
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Indeed, we have 

/ /p(M6, M6) d/i = (^(/)Ma , M6) = (vr(|mo|V o r)ei , 6> = 

JT 

JT JT 
Now, take ^ G Ti with bounded support, and not a constant multiple of xc- Then — ^ is also 
of bounded support. We have 

(3.14) ||M"+ie-M"ef = [ piM''+^^-M''tM''+^^-M''Odf^= ! KiA^^- dn- 

Jt JT 

If 7? G is a function of bounded support then, by (j3.12p . we have that 

j z'^pif], f]) dfi = (r^ri , r?^ , (fc G Z). 

Therefore p(?7, ?]) > is a trigonometric polynomial. 

Thus /iQ := p{M£^ — ^, — ^) > is a trigonometric polynomial. We claim first that cannot 
be identically 0. If that is the case then from ([XT^ it follows that ||M^ - = so = ^. But 
we saw in Proposition 13.41 that the only solutions of the refinement equation that have bounded 
support are multiples of xc- 

Since /lo is not identically zero and /lo > and it is continuous it follows that v{hQ) > 0, since v 
has full support by Theorem [33J From (j3.14p . using Theorem 13 . 5 1 and the fact that is continuous 
it follows that ||M"+^^ - M"^|p Jj i^{ho) dfj, = i^{ho) > 0, and the result is obtained. □ 

Remark 3.11. In the interval of time between the submission and the acceptance of this paper, the 
first and third author have proved that the wavelet representation associated to the middle-third 
Cantor set is actually reducible |DS10] . The proof is not constructive, so it is not clear how the 
operators in the commutant, or the L°°-fixed points of the transfer operator look like. The present 
paper shows that a constructive approach can be quite complicated. 

Acknowledgements. We would like to thank professors Palle Jorgensen and Judith Packer for dis- 
cussions and suggestions that motivated this paper. 
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